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Abstract. The stationary points of the total scalar curvature functional on 
the space of unit volume metrics on a given closed manifold are known to 
be precisely the Einstein metrics. One may consider the modified problem 
of finding stationary points for the volume functional on the space of metrics 
whose scalar curvature is equal to a given constant. In this paper, we localize 
a condition satisfied by such stationary points to smooth bounded domains. 
The condition involves a generalization of the static equations, and we inter- 
pret solutions (and their boundary values) of this equation variationally. On 
domains carrying a metric that does not satisfy the condition, we establish 
a local deformation theorem that allows one to achieve simultaneously small 
prescribed changes of the scalar curvature and of the volume by a compactly 
supported variation of the metric. We apply this result to obtain a localized 
gluing theorem for constant scalar curvature metrics in which the total vol- 
ume is preserved. Finally, we note that starting from a counterexample of 
Min-Oo's conjecture such as that of Brcndlc-Marques-Neves, counterexamples 
of arbitrarily large volume and different topological types can be constructed. 



1. Introduction 

Let M be a closed manifold with dimension at least three, M. the cone of Rie- 
mannian metrics on M, and M. c C M. the subset of Riemannian metrics with 
constant scalar curvature c. Let V(g) = vol(M, g) be the volume of a metric 
g G A4, and let R(g) be its scalar curvature. For c / 0, critical points of the 
restricted volume map V c ■ M. c — > (0, oo) are precisely stationary points of the 
total scalar curvature IZ(g) = J M R(g) dfi g restricted to M. c . (Note that the total 
scalar curvature is a topological invariant in dimension two.) Critical metrics for V c 
are special, as they admit non-trivial solutions (/, k) to the overdetermined-elliptic 
system L*f — Kg. Here, L g is the linearization of the scalar curvature operator, L* 
is its formal adjoint, and K is a constant. We make this precise in Theorem 12.31 

In this paper, we localize the above analysis to the case where the metric defor- 
mations are supported on the closure of a bounded domain C M. In Theorem ll.il 
we show that when the metric g does not admit non-trivial solutions to L*f = Kg, 
then one can achieve simultaneously a prescribed perturbation of the scalar curva- 
ture that is compactly supported in fl and a prescribed perturbation of the volume 
by a small deformation of the metric in fl. 

The obstruction to finding such a deformation of the metric is the existence of 
a non-trivial solution (/, k) of the system L*f = Kg on Q. If such a non-trivial 
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solution (/, k) exists, we call the metric g V -static with V -static potential f. This 
condition is a mild generalization of the static equation L*f — 0, cf. [7]. A metric 
g is called static if the static equation admits a non-trivial solution /, in which 
case / is called a static potential for g. In Theorem 12 .31 we provide a variational 
characterization of V-static metrics, emphasizing the role of the boundary values of 
a F-static potential. The case where k^O and the I^-static potential vanishes on 
the boundary was studied in |20j . where an interesting volume comparison result 
(stated here as Theorem I2.4[) was proved. We include a new proof of this result 
from [5D] that actually leads to a slightly stronger result. 

We now give a precise statement of the local deformation theorem. Let He a 
symmetric (0, 2)-tensor on M. The linearization L g of the scalar curvature map 
R : M. — > K is L g (h) = — A g (tr g /i) + div 5 div 5 /i — h-Kic(g), and its formal L 2 -adjoint 
is L*f = ~{A g f)g + V 2 / - /RicQ?). (Our convention is that A g f = tr s (V 2 /).) 
The variation of the volume map V : M. — >• (0, oo) is DV g {h) = h J M ti g (h) d\i g . 
Let 0{g) := (R(g),V(g)). Let S g (h) = DQ g (h) = (L g (h), DV g (h)). Its formal 
adjoint is then S*(f, a) = L*f + |<?. Thus ^-static potentials correspond precisely 
to non-trivial elements in the kernel of S* . 

The Banach spaces B = B {tt) C C°' Q (Sym 2 (r*fi)) x E and B 2 = B 2 (0) C 
C 2 ' Q (Sym 2 (T*ri)) and their respective norms || • 1 1 and || • H2 that appear in the 
statement of the following theorem are introduced in Section 13.41 

Theorem 1.1. Let (tt,g) be a compact C i a Riemannian manifold^ of dimension 
n > 2 with boundary. Let be the manifold interior offl. Assume that the equation 
S*(f,a) = has no non-trivial solutions (f,a) € C 2 (f2) x K. There exist e, C > 
so that for any (a, r) £ Bq with ||(cr, r)|| < e there is a metric 7 on £1 so that 
R{l) = R{g)+cj, V( 1 )=V(g) + T. In fact, 7 - g € B 2 and || 7 - g\\ 2 < C\\(o-,t)\\ . 
In particular, 7 — g can be extended by as a C 2,a tensor across the boundary of 

Tt. 

The following version of Theorem 1 1 . 1 1 includes the dependence on the metric and 
higher order regularity: 

Theorem 1.2. Let k > 4. Let (tt,go) be a compact C k,a Riemannian manifold of 
dimension n > 2 with boundary, and let be the manifold interior of Q. Assume 
that the equation S* o (f,a) = has no non-trivial solutions (/, a) € C 2 (£!) x M. Let 
fio C tt be a non-empty open set that is compactly contained in tt. There exists 
an open neighborhood U of go in C k,a (tt) and e, C > such that for any g G U , 
t £ R, and a G C k ~ 4,a (tt) with support in tto and with |r| + 1 1 c"| | c*» — < e, 
there is a C k ~ 2,a metric 7 on tt so that supp(7 — g) is compactly contained in tt, 
such that H7 — g\\ C k-2, a < C (|r| + ||£r||o-4,<*), and such that i?(7) = R(g) + cr, 
V( 7 ) = V(g) + t. If g and a are smooth, we can arrange for 7 to be smooth as 
well. 

Now we present several examples to illustrate the static and T^-static conditions. 
Our convention is that A is an eigenvalue for a Schrodinger operator T = A g + w 
with non-zero eigenfunction u if T{u) = —\u. 



-^Given an integer k > 1 and a € (0, 1), a C k,a Riemannian manifold (M,g) consists of a smooth 
manifold M, possibly with non-empty boundary, and a tensor field g 6 C fc ' a (Sym 2 (T*M)) that 
is everywhere positive definite. 
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Example 1.3. Recall that a metric g is critical for V—i on a closed manifold M 
precisely when g is Einstein with R(g) = — 1. We show that this is equivalent to 
being ^-static with R(g) = —1. Indeed, in the Einstein case, (/, k) = (1, 1/n) 
satisfies the critical equation L*f — Kg. Conversely, if R(g) = —1 and if (M,g) 
admits a non-trivial solution (/, k) of L*f = Kg, we first obtain that —(n— 1)A S / + 
/ = iik by taking the trace. Since ((n — l)A g — 1) is invcrtible, we conclude that 
k^O and that / = tik is a solution. Plugging this back into the critical equation 
we obtain that — nKRic(g) = Kg. Thus g is Einstein. 

The same argument shows that when R(g) = 1 and —^r is not an eigenvalue of 
the Laplacian, then g is U-static if and only if g is Einstein. 

Example 1.4. A scalar-flat F-static metric g on a closed manifold M is Ricci-flat. 
To see this, let (/, k) be a non-trivial solution of L*f = Kg. Taking the trace 
of this equation, we see that k = and that / is equal to a non-zero constant. 
Using this information in the equation L*f — Kg, we obtain that (M,g) is Ricci- 
flat. Conversely, every Ricci-flat metric on M is U-static and the space of solutions 
(/, k) of L*f = Kg is spanned by (1, 0). Scaling changes the volume of a Ricci-flat 
metric at a nonzero rate while leaving the metric Ricci-flat. Therefore a Ricci-flat 
metric cannot be critical for Vo. 

Example 1.5. Consider the metric g = (n — 2)~ 1 g§i + <?§n-i on M = S 1 x §" _1 
where n > 3. Then f(t,u) = sin(t) is a static potential for g. Clearly, scaling the 
§ 1 -factor preserves the scalar curvature while the total volume changes. Thus g is 
not a critical point for the volume functional on J\4 < ' n ~ 1 ^ n ^ 2 \ 

To summarize the above discussion, let JC be the space of U-static metrics g on 
a closed connected manifold M of dimension at least three. This space contains all 
Einstein metrics and all metrics that are static. By Theorem A in [23], a metric 
which is Einstein and static is either Ricci-flat or a round sphere. We can write 
/C as a disjoint union /C = K+ U /Co U /C_ according to the sign of the constant 
scalar curvature R(g) — c, cf. Proposition 12.11 By Example II .31 the space /C_ 
consists precisely of the Einstein metrics of negative scalar curvature. None of 
these metrics is static. By Example 11.41 /Co is the space of Ricci-flat metrics, all 
of which are static, and none of which are critical for Vo. The structure of K.+ is 
more complicated. K.+ consists of metrics that are critical for V c , e.g. the Einstein 
metrics of positive scalar curvature, and static metrics that are not critical for V c , 
cf. with Example 11.51 Static metrics in K.+ admit — §t- in the spectrum of the 
Laplacian, such as the sphere (c = n(n — 1)) and S 1 x §™ _1 (c = (n — l)(n — 2)). 
Further examples have been found by Kobayashi and Lafontaine in [55]. If — jj^- is 
not in the spectrum of the Laplacian of a metric in K.+ , then the metric is Einstein 
and non-static, for example MF n . 

As our first application of Theorems 11.11 and Theorem 11.21 we establish a gluing 
result which is largely inspired by those in [T31 [2]. The result gives a con- 
dition that guarantees that two metrics with the same constant scalar curvature 
can be glued together to produce a metric with the same constant scalar curvature, 
preserving both the total volume and the original metrics outside a specified region. 

Theorem 1.6. Fix n > 3 and k > 4. Let a n £ {— n(n — 1),0, n(n — 1)}. 
Let {M\,g\) and (M2,<?2) be two compact C k ' a Riemannian manifolds such that 
R{gi) = o n = R{g2). Assume that each [Mi,g{) contains a non-empty smooth 
domain Ui C int(Mj) where gi is not V -static. There exists a C k ~ 2 a metric g 
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on the connected sum M\^M2 D (Mi \ U\) U (M% \ t/ 2 ) such that R(g) = a n , 
vol{M 1 #M 2 ,g) = vol(Afi, 5 i) + vol(M 2 , ff2 ), and g = g t on M l \U i} i = 1,2. If 
(Mi, gi) and (M 2 ,g 2 ) are smooth, then we can find (Mi#M 2 ,g) smooth with these 
properties. 

There are many gluing results for constant scalar curvature and, more gener- 
ally, the Einstein constraint equations in the literature. Gromov-Lawson [12] and 
Schoen-Yau [27] used different methods to prove that the existence of a positive 
scalar curvature metric on a manifold is preserved under surgeries of co-dimension 
at least three. The seminal paper of Schoen [25] on the singular Yamabe prob- 
lem on the sphere has inspired a large number of works on scalar curvature gluing 
constructions. The resolution of the Yamabe problem shows that the connected 
sum of two closed manifolds admits a metric of constant scalar curvature in the 
conformal class of any metric on the sum. It is interesting and important to under- 
stand in what way the constant scalar curvature metric on the sum can be made to 
reflect the geometry of the original summands. Joyce |15] produced constant scalar 
curvature metrics on connected sums of closed manifolds by constructing approxi- 
mate solutions on the joined manifolds by hand, and then solving for a conformal 
deformation to constant scalar curvature. He also described the geometry of the 
resulting configuration. A difference in Theorem ll.6l (as in [5j Theorem 1.2]) is that 
we use a deformation out of the conformal class to preserve the initial metrics away 
from the gluing region. In particular, we note that in |15) . the resulting metric on 
the connected sum of two zero scalar curvature metrics has constant negative scalar 
curvature. 

The conformal part of the proof of Thcorcm l 1 .61 follows closely the works p~3].ll4j. 
see also [18] , on gluing constructions for the Einstein constraint equations. An 
important observation for localized gluing was made by Chrusciel-Delay [4]. They 
noticed that the conformal constructions could be combined with the localized 
deformation technique of Corvino-Schoen [9] to produce, under certain non- 
degeneracy conditions, solutions to the Einstein constraint equations on connected 
sums for which the original data is left unchanged outside the gluing region. We 
refer to [5J Theorem 1.2] for an analogue of our Theorem ll.6l in the case a n < 0. A 
gluing construction for constant positive scalar metrics was obtained by Chrusciel- 
Pacard-Pollack [6] . An overview of these constructions with additional references is 
given in [8] Sections 5.2-5.3]. We also refer the reader to the recent work of Delay 

m- 

In the final section of this paper, we note how connect-sum constructions for 
scalar curvature can be combined with the recent counterexample to Min-Oo's con- 
jecture by Brendle, Marques, and Neves [3] to produce counterexamples of different 
topological types and of large volume. Such examples are interesting in light of the 
recent results in [22] . 

1.1. Acknowledgments. The authors would like to thank S. Brendle, R. Mazzeo, 
D. Pollack, R. M. Schoen and L.-F. Tarn for useful discussions on various aspects 
of this work. 

2. VARIATIONAL CHARACTERIZATION OF ^/-STATIC METRICS 

Let (fi, g) be a connected n-dimensional compact C 3 Riemannian manifold with 
boundary, and let f2 be the manifold interior of f2. We say that (fi, g) is V -static 
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(or simply that the metric g is V-static) if the equation 

(2.1) 5;(/,a) = 0onO 

admits a non-trivial weak solution (/, a) £ i?^ c (f2) x R; / is then called a V -static 
potential. We will see in Proposition 12.21 that every solution (/, a) £ H^ oc (il) x R 
of (|2.1[) is actually in C 2 (fl) x R. The goal of this section is to study properties of 
V^-static metrics and to characterize the boundary values of ^-static potentials. 

2.1. The kernel of S*. The equation 

(2.2) L* g f = « S onJJ 

is equivalent to (|2.1[) with a = —2k. Given k £ R, L*f = Kg is an overdetermincd 
elliptic system for /. It is well-known how to re-cast (|2.2I) into a proper elliptic 
system for (/, g) in appropriate coordinates (e.g. harmonic coordinates), cf. pQ or 
p. 145-146]. In such coordinates, then, / and g are analytic. It follows that if 
(£l,g) is T^-static, then so is any subdomain (with the restricted metric). 

The following property of F-static metrics follows as in [3 Proposition 2.3], see 
also [201 Theorem 7 (i)]. 

Proposition 2.1. Assume that for some constant k £ R there exists non-trivial a 
weak solution f £ H± oc (SY) of (|2.2p . Then g has constant scalar curvature. 

Proof. By elliptic regularity, / £ C 2 (il) D Hy oc (Si). Taking the divergence of the 
equation L*f — Kg and using the Bianchi identity and the Ricci formula, it follows 
that fdR(g) — 0. Along a unit-speed geodesic 7 with 7(0) = p, the equation 
L*f = Kg reduces to a second-order ODE with initial data (f(p), df (j 1 (0))) . Indeed, 
if h(t) = /( 7 (t)), then 

h"{t) = V^/(7'W,7'W) = (Ric( ff )(7'(t),7'W) - -^-r)h(t) 

y V 71—1/ 71—1 

In the homogeneous case k = 0, observe that if / has a zero that is a critical point, 
then / is identically zero. Thus the zero set of / has codimension one. It follows 
that dR(g) = so that the scalar curvature R{g) is constant. If k 7^ 0, then a 
solution of the (inhomogeneous) ODE cannot vanish identically in a non-empty 
open set, from which we can again conclude that R(g) is constant. □ 

The ODE argument in the proof of Proposition 12.11 shows that the kernel of L* 
has dimension at most (n + 1). Thus, the dimension of the kernel of iS* is at most 
(n + 2). This maximal dimension is achieved, for example, by the standard metric 
on the sphere S". Viewing § n as the unit sphere in R n+1 with center at the origin, 
the kernel is spanned by (x 3 |s», 0), j = 1, . . . , n + 1, and (1, 2(n — 1)) in this case. 

By employing the exponential map from points near the boundary and using 
basic facts about existence, uniqueness, and dependence on initial data for ODEs 
as in [3 Proposition 2.5], we see that every solution / of (|2.2p extends to the 
boundary as a C 2 function; using an interior elliptic estimate, or appealing to the 
finite-dimensionality of the kernel, we also obtain an estimate on such solutions: 

Proposition 2.2. Every weak solution f £ Hl oc (Q,) of (|2.2[) is actually in C 2 (il). 
There is a constant C — C(Q,g) so that for e > sufficiently small, and for any 
solution f of (|2.2|) . ||/|| C 2(n) < Cll/llff 1 ^)' wnere Q t = {x £ Q d(x,dQ) > e}. 
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2.2. The variational principle. In this section, we characterize the boundary 
values of solutions / of (|2.2|) whose existence is ensured by Proposition 12.21 For 
simplicity, we will assume that n > 3 and that (fi, g) is smooth in this subsection 
and the next. 

We adopt the notation from [2D]. Let 7 be a smooth Riemannian metric on d£l. 
Let c be a constant. For any integer k > ^ + 2, let A4^ ( denote the set of H k 
Riemannian metrics g on fl such that R(g) — c and g\r(dn) = 7> where R{g) is 
the scalar curvature of g and g\T(dfi) is the metric induced by g on dil. We recall 
from [20] that if g is such that A ff + —^j has positive (Dirichlet) spectrum, then 
M.^ is a Hilbert manifold near g. Let v be the outward unit normal to <9fi, let 
M(X,Y) = (V x v,Y) for vector fields X, Y tangent to dn, and let H = tr 7 (II) be 
the mean curvature. (Our sign convention follows that of 20.) 

The following theorem provides a general context unifying [20[ Theorem 5] and 
[H Theorem 2.1]. 

Theorem 2.3. Let k be a constant and let <j> be a smooth function on dQ. We 
assume that either k ^ or that (j) does not vanish identically. Consider the 
functional on given by 

(2.3) g ^ E K ^(g) = KV(g) - [ H4> da , 

Jon 

where V(g) is the volume of(Q,g) and da is the volume form 0/7. Suppose g G 
is a smooth metric such that the operator A g + ^j has positive (Dirichlet) spectrum. 
Then g is a critical point of E K ^(-) on M.^ if and only if there exists a smooth 
function f on O with 

(2.4) L*f = Kg in fl and / = <f> on dtt. 

Proof. We follow the proof of Theorem 2.1 in [19]. Let {g(i)}|t|< c C M.^ be a 
continuously differentiable path such that g(0) — g. Let h — g'(0). Let H{t) be 
the mean curvature of dfl in (£l,g(t)) computed with respect to the outward unit 
normal as above. A calculation as in [2DJ (34)] yields that 

(2.5) 2H'(0) = [d(tr g h) - div g h](v) ~ div^X - (II, h) 7 

where v is the outward unit normal to d£l in (f2, g(0)), X is the vector field dual to 
the 1-form h{v, -)lT(aa) on (^,7), div 7 X is the divergence of X on (dfl,^), and 
(•, -) 7 is the metric product on (<9f2,7). Using that /i|T(an) = 0, it follows that 

(2.6) 2^1 E K ^(g(t))= [ Ktx g h- [ {[d(tr g h) - div g h](v) - div 7 X} 

dt Jn Jan 

where we have omitted the volume forms. For any function / on fi with f = 4> 
along dil, we can integrate by parts in (|2 .6[) to obtain 

(2.7) 2^-\ t=0 E^(g(t)) 

= I KtTgh - f [A S (tr s /l) - diVg(dWgh)} + (Agf^Tgh - (V^/, H) g 

Jn 

+ f h^, Vgf) - h(lS, V 7 /) - tTgh^f 
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where (•, -) g denotes the metric product on {Cl,g) and V 7 is the gradient operator 
on (90,7). Since fr| T (dn) = 0, 

df 

(2.8) h{v,V g f)-h{p,V 7 f)-tXgh-^=0 on dCl. 
On the other hand, the fact that {g{t)}\t\< e C AVj implies that 

(2.9) Lg(h) = -Ag(tlgh) + dlVgdiVgh ~ ( h , Ric(ff)) fl = 0, 

where we recall that L g {h) = DR g {h) is the linearization of the scalar curvature 
map at g in direction h. Therefore, it follows from (I2.7[l - (|2.9p that 

(2.10) 2j t \ t=0 E K ^(g(t)) = Jjh,fmc(g) + (Agf)g-V 2 gf + Kg) 

(h,-L g f + K g)g=0. 

Q 

Hence if / is a solution of (|2.4|) . then g is a critical point of E Kj< f,(-) on jVl^. 

For the other direction, assume now that g is a critical point of E K-< j,{-), and 
consider the unique solution / of the boundary value problem 

(n — l)A g f + cf = —fin in CI 
f = (j) on dCl. 



(2.11) 



Let h be an arbitrary smooth symmetric (0, 2)-tensor with compact support in CI. 
Since the first Dirichlet eigenvalue of A g + is positive, by [501 Proposition 1] 
there exist to > and e > such that, for every t € {—to, to), there exists a unique 
smooth positive function u{t) on O with — 1| < e such that u{t) = 1 on dCt, 
such that g(t) = u{t) (5 + t/i) G , and such that {u{t)}\ t \ <to is differentiable 
at t = with m(0) = 1. For such a path g{t), we have h := g'{0) = ^2 u '{0)g + h. 
Hence, by (12.10)) and the fact that / is a solution to (|2.1ip . we have 



(2.12) = f (h, /Ric( ff ) + {A g f)g - V 2 g f + Kg), 



Since h can be chosen arbitrarily, we conclude that / satisfies (|2.4I) . □ 

2.3. A volume comparison result for V-static metrics. When the function 4> 
in Theorem l2.3l is chosen to be identically zero and k = 1, then Theorem 1 2 . 31 reduces 
to Theorem 5 in [5D] and claims that for a metric g £ A4^ for which A g + has 
positive first Dirichlet eigenvalue, the system 

-{A g f)g + V g f-fmc{g) - g in ft 

/ = on 50 



(2.13) 



admits a solution / £ C 2 (0) if and only if g is a critical point of the volume 
functional V{-) restricted to A4° . We recall the following volume comparison result 
from |20) for such metrics when c = 0. 

Theorem 2.4 ([20]). Let g be a smooth, scalar flat metric on Q. Suppose there 
exists a function f such that g and f satisfy (|2.13p . Let 7 be the metric induced on 
S = dfl. Suppose E is connected and that (£,7) can be isometrically embedded in 
R" as a compact strictly convex hyper surf ace So- Ifn>7, where n is the dimension 
of CI, we assume in addition that CI is spin. Then 

V{g) > V 
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where V(g) is the volume of(£l,g) and Vq is the Euclidean volume of the compact 
domain bounded by E inM. n . Moreover, V(g) = Vq if and only if(fl,g) is isometric 
to a standard ball in R n . 

The proof of Theorem [23] in [2D] uses the result of Shi and Tam in [3D] and thus 
depends on the Positive Mass Theorem [251 E2] ■ Here we include another proof of 
Theorem 12.41 that does not depend on the Positive Mass Theorem, so we can omit 
the spin assumption in high dimensions. We start with the following proposition. 

Proposition 2.5. Let g be a smooth, scalar flat metric on Q. Suppose there exists 
a function f such that g and f satisfy (|2.13p . Let 7 be the metric induced on 
£ = dQ, let |E| be the area o/(£,7), and suppose that £ is connected. Then 

a) J E Rj > ; where i? 7 is the scalar curvature of (£,7). 

b) The volume V(g) of (f2, g) satisfies 

J(n-2)(n-l) ( f |3 
V(g)>^^ ^jKj 

Equality holds if and only if (Q, g) is isometric to a standard ball in R™. 

c) When n = 3, one has 

6Vtt 

Equality holds if and only if (fl,g) is isometric to a round ball in M 3 . 

Proof. Let v be the outward unit normal to S. Let H and II be the mean curvature 
and the second fundamental form of S in (£l,g) with respect to v. By Theorem 
7 (hi) in [20] , / is positive on fi, H is a positive constant, and (n — 1)11 = H-f. 
Moreover, by (48) and (53) in [20], we have that #§£ = -1 and |E| = ^HV{g). 
Hence 
(2.14) 

( (V 2 g f,Ric(g))= f mc(g)(u,V g f)- f (df, div 9 Ric( ff )) = ^- f m C (g)(u,u) 
Jn Js Jn ov Js 

where the first equality follows from an integration by parts, and where we used 

that 2div g (Ric(g)) = dR(g) = and that ^ is constant along S to justify the 

second equality. Taking the metric product of (|2.13[) with Ric(g) and using again 

that R(g) — 0, we see that 

(2.15) (V*/, Ric(,?)) = (/Ric(<?) + (A g f)g + g, Ric( 5 )) = /|Ric(<?)| 2 . 
Equations (|2.14|) and (|2.15j) . together with the fact that = -1, give 

(2.16) - f /|Ric( 5 )| 2 = 1 / Ric{g){v,v). 
In particular, this shows that 

(2.17) / Ric(ff)(i/,i/)<0, 
with equality if and only if Ric(g) = on 17. 

TJ 

The Gauss Equation, along with the fact R(g) = and II = 7, implies 

n — 1 

n — 2 

(2.18) 2mc{g)(u,v) = -H 2 - R 1 . 

n — 1 
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It follows from (f2TT7|) and (f2TT8|) that 

f n — 2 f „ n — 2 o, , 

(2.19) J^>—J^ = —H*\n. 

This proves a). 

The inequality in b) follows from (|2.19[) and the fact |E| = j^HV(g). If equality 
holds, then Ric(g) = on Q. That (fl,g) is isometric to a ball in M" in this case 
then follows from [2TJ Theorem 2.1]. 

Finally, c) follows from b) and the Gauss-Bonnet Theorem. □ 

The fact that Proposition 12.51 implies Theorem 12.41 was first noted by Tarn [31) . 
We thank Luen-Fai Tarn for pointing out the following lemma. 

Lemma 2.6. Suppose £ C M™ is an embedded, closed, strictly convex hypersurface. 
Let R-y be the scalar curvature of £ with respect to the metric 7 induced from the 
Euclidean metric, let |E| be its area, and let V be the Euclidean volume of the region 
enclosed by S. Then 

Proof. Let H denote the (positive) mean curvature of S. Taking i, j, k to be 1, 2, 
3 and then 0, 1, 2 in (6.4.6) in [28, p. 334], one arrives at two of the Minkowski 
inequalities 

(2.21) {Wxf > W W 2 , {W 2 ) 2 >W 1 W 3 , 

where W = V, W x = ±|£|, W 2 = -r^-n; LH, and W 3 = — i — ^ LR^. 

u ' 1 n 1 I' z n(n— 1) JS ' ° n(n — l)(n — 2) JS 7 

Clearly, (|2~2T|) implies (fQ}]) . □ 

Theorem 12.41 without the spin assumption in dimension n > 7 now follows from 
Proposition 12.51 and Lemma [2~b1 

3. Proof of Theorem 11.11 

The proof of Theorem 11.11 is similar to those of the localized deformation the- 
orems in |9j 2]. It proceeds by iteration with a linear correction at each stage. 
The linearized problem is solved variationally. This requires delicate weighted L 2 - 
cstimates. The pointwise bounds on these variational solutions required to establish 
convergence of the iteration follow from interior Schauder estimates. 

3.1. Function spaces. Let k be a non-negative integer, a € (0, 1), and let (£l,g) 
be a compact C k ' a Riemannian manifold with boundary. Let fi denote the manifold 
interior of Q. Let £ < k be a non-negative integer, and let p be a positive measurable 
function on J7. Below, we use the connection and the tensor norms induced by g, 
and we integrate with respect to the volume form dfi g . 

Let Lp(f2) be the set of functions (or tensor fields) u such that jwjp 1 / 2 £ L 2 (fl) 
and let \\u\\ L 2 {n) = ||tt/9 1/2 ||i2 (f2 ). The pairing 

(u,v) L 2 {n) = {up 1/2 ,vp 1,2 ) L 2 (n) 

makes L 2 (fl) into a Hilbert space. Let H l p {U.) be the Hilbert space of L 2 p (yi) func- 
tions (tensor fields) whose covariant derivatives up to and including order i are also 
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in L 2 (fl). The inner product is defined by incorporating the Lp(S!)-pairings on all 
the derivatives, so that 

i 

Nl^(fi) =I^ll v >lli?(o)- 

3=0 

Assume now that k > 1. Let d(x) = d(x,d£l) be the distance to the boundary 
d£l computed with respect to the metric g. Then d(x) is a C k ' a function near d£l 
[TTj . We will use a C k,a weight p with < p < 1 on fl with the following boundary 
behavior: p depends monotonically on the distance d to p = e~ x l d near dfl, 
and p = 1 outside a neighborhood of dft. Note that | V|p| < C(j)d-~ 2j e^ 1 ^. To 
be precise, we let /c(a;) = p(d(x)), where p : R — > [0, 1] is smooth and monotone, 
p' > 0, with p(t) > for t > 0, and = e -1 /* on some interval (0,do)- 

Let (j> > be a (7 fc ' Q function on such that for all x E il, B(x, <j>(x)) C f2, and 
so that near dQ, (f) = d 2 . For r, s E R, let y> = (/> r /9 s . For a C £ ' a function u : Q — > R 
we define ^ by 

SUP ( ffa)^) 3 l|V^||co(fl(x,<A(x)/2)) + ^(l)^s)' +a [VjU]o.a:B(x>(x)/2) • 

We let G^'^(n) be the space of all functions u E C e ' a (il) for which ||u|| c «, a ^ < oo. 
Note that II ■ H^cvoi is a Banach norm on this space. When the context is clear, 
we will suppress the domain in the notation below. With our choice of (f> and <p, we 

have that ||m|| c «, q is equivalent to Moreover, differentiation is continuous 

<if,ip 0,1 

as a map from Cf^(Q) to C^ Q (fi). 

These weighted Holder norms are equivalent to those defined in [H p. 66]. 

3.2. Coercivity estimate for S*. Let {x E £1 : d(x) < eo} be a regular tubular 
neighborhood of dfl and let £1 £ = {x E £1 : d(x) > e}. 

Proposition 3.1 (Cf. Theorem 3]). Let (£l,g) be as in Theorem There 
exists a constant C > so that for all (u, a) E H 2 (fl) x R, 

(3- 1 ) ll(«>a)llfff(n)xm < C\\S*(u, a)\\ L 2 {n) . 

Proof. There is a constant D > so that for all e > sufficiently small, there is an 
extension operator E e ■ H 2 (il e ) — > H 2 (fl) with norm bounded by D. The equation 
S*(u, a) = — (A g u)g + V 2 u — uRic(g) + §<? shows that 

(3.2) \\(u,a)\\ H 2 {ne)xR < C{n,g,n) (||<S*(u, a)|U 2 (n e ) + UK a)|| H i(Q e ) xR ) ■ 

Note that S* has trivial kernel in ifj* c (f2 e ) for e > sufficiently small. Indeed, the 
kernels K e of S* on J7 e decrease as e i (by restriction, which is injective by the 
remarks following (|2.2|1 ). Since each is at most (n + 2)-dimensional (cf. Section l2~Tj) 
and there is no kernel on f2, they must stabilize at {0}. 

We claim that there is a constant C > so that for all e > sufficiently small 
and (u,a) E H 2 (Cl e ) x E, 



(3.3) 



W(u,a)\\ H 2 ( n c )xK < C\\S*(u,a)\\ L 2 {ne} . 



DEFORMATION OF SCALAR CURVATURE AND VOLUME 



11 



We prove this by contradiction. Suppose the estimate does not hold. There is a 
sequence Cj > with ej I and (uj,aj) € H 2 {Q, tj ) x R such that 

(3-4) \\(uj,aj)\\HHn tj )xR > j\\Sg{uj, OjOIU 2 ^)- 

Let Uj = E e . (uj) be the extension of Uj to Q. Then 

(3.5) IKu^a^Hi^Q^xR < \\(uj,aj)\\jr>(n)xM < L>|| (u.,-, a-,)|| ff 2 (0 ^ )xR . 

We normalize so that \\(uj,aj)\\H 1 (n)xR — 1- Using (|3.2p and (|3.4[) . we obtain 
IK u j 5 a j)llH 2 (a ej )xK < C(n,g,Cl) (llSgiuj^^WL*^.) + \\(uj, aj)\\ H ^a c .)xTs) 
< C(n,g,ti) (j~ 1 \\(u jl a j )\\ H 2 {ntj}xM + . 

For j large enough so that C(n,g,f2)j _1 < ^, we obtain \\(uj, dj)\\H 2 <n e .)xM, ^ 
2C(n,g,il). By (|3T5]) , we then have ||(uj,aj)||_f/ 2 (n)xK < 2DC(n,g,£l). By the 
Rellich Lemma and the fact that the sequence {cij} is bounded, there exist (u, a) € 
H 2 (fl) x R and a subsequence of {(%, a,)} that converges to (u, a) weakly in 
H 2 (Q) xl and strongly in iJ 1 (17) xR. The latter implies that \\(u, a)||fl-i(n) X K = 1- 
Moreover, by pairing S*(u,a) in L 2 {VL) with h e C^(17), and using (|3.4[) . we see 
S*{u, a) = holds weakly, so that (u, a) is a non-trivial element of the kernel of S*. 
This is a contradiction. Thus Q3.3P holds uniformly for e > small, as asserted. 

The uniformity of (|3.3|) in e > allows us to promote this estimate to the 
weighted coercivity estimate (|3.ip exactly as in [7J p. 149-150], using the co-area 
formula and integration by parts. Indeed, for any u e C 2 (fl), and any sufficiently 
small di > 0, we have that 
di 

o 



di 

With C = p{di) = J p'(e) de > and (O, this implies 
o 

di 

■2 



Cb(||«||H> (n(ll ) + of) + hWjj^j^ <C 2 J p'(e)\\S* g (u,a)\\ 2 L2(ne} de 

o 

< c 2 Co\\s;(u,a)\\ 2 LHndi) + c 2 ||s>, a )||^ A _ r 

By the density of C 2 (U) in H*(Sl) (cf. 9, Lemma 2.1]), flST]) now follows easily. □ 

3.3. Variational solution of the linearized equation. Under the assumption 
that S* has trivial kernel, solutions to S g (h) = (cr, r) for (cr, t) € L^L^fi) x R can 
be obtained from a standard variational argument. 



Proposition 3.2 (Cf. [7, Proposition 3.6]). Let (fl,g) be as in Theorem \l.l\ Let 

2 



(cr, t) € L 2 _i (O) x R. Define the functional J" : H 2 (Q) x K -> R fcy 



(3.6) J 7 (u,a)=J \^-\S*(u,a)\ p ~ auj dp g - ar. 

n 

TTien J 7 /ias a unique critical point (u, a) G H 2 (Q) x R. TTiis critical point is the 
global minimizer of J- and it is a weak solution of the equation S g {pS*{u,a)) = 
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(er, r). There is a constant C > such that for every (cr, r) G -^p-i (^) x ^ ^ e mini- 
mizer (u,a) G i?p(f2)xR of the corresponding functional satisfies ||(u, a)\\H^(n)xU ^ 

C||(°"> r )llL2_ 1 (fi)xR- 

Proof. Let ^ = inf { a) : (u, a) G #p(ft) x R}. The choice (it, a) = (0,0) 
shows that /i < 0. The coercivity estimate (|3.1|l shows that /i is finite. Standard 
Hilbert space arguments exactly as in [7j p. 150-152] show that a minimizer (u, a) G 
^(fi) x R of T exists. 

If (u,a) 7^ (u,a) G Hp(Q) x R, then S*(u — ii,a — a) ^ 0, and the map f n- 
J 7 ((1 — t)(u, a) + t(u, a)) is strictly convex. This shows that (u, a) is the unique 
critical point and in particular the only global minimizer of J- ' . 

The Euler-Lagrange condition for the critical point (it, a) of T gives that for all 
(v, b) G C|(f2) x R, 

S*(u,a) ■ S*(v,b)p d/jg = / av dp g + rb. 
q Jn 

Thus (it, a) is a weak solution of S g (pS*(u, a)) = (a, r). 

Finally, using the coercivity estimate (|3.1|) . Cauchy-Schwarz, and fj, < 0, we 
obtain that 



1 f 1 

2^ll( u . a )llff=(n)xK < j ^\S*j{u,a)\ 2 pd^i CJ 



= [1 + / cru + <2T 

< IK cr i T )llL 2 _ 1 (0)xR ' \\{u,a)\\ H 2( n}> 



□ 



3.4. Pointwise estimates of the variational solution. We will use the following 
function spaces: 



B 2 := C^" 2+ „ , (Sym^(T*0)) n 2/^ (Sym^(T*0)) 



s 4 := [ c 4 '^ ! (n) n I x K 

with Banach norms 

ll(^r)||o:= M + |M| ia x + |k|| c o, 

P 1 

N|2:=||/»|| £ ;_ 1 +ll'»llo ! '- 

(p t<p 2 p 2 

||(u,a)|| 4 := |a| + + |M| C 4, Q ^ ^ . 

0,02 p 2 

The operator p5* is continuous from C ' Q „ xR to the space of C 2 ' Q „ _i(0) 

' ') 2 p2 <t>,<t> 2 P 2 



sections of Sym (T O). The operator S„ is continuous from the space of C ' „ _i(0) 

<t>,tp + 2 p 2 



sections of Syni (T*m to C u,t \ x . _ x (O) x R 

0,0 + 7 p 7 
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Proposition 3.3. Let (0,,g) be as in Theorem ] 1 . 1\ There exists a constant C > 
with the following property. Given {a, r) G Bq, there is (u, a) G B± so that S g (h) = 
(<t,t), ||(tt,a)||4 < C||((T,t)||o, and \\h\\ 2 <C\\(o-,t)\\ where h = pS*(u,a). 

Proof. Fix (<r, r) G B . Let (u, a) G LT 2 (fi) xR be the weak solution of S g pS*(u, a) = 
(a, t) from Proposition 13.21 Let h = pS*(u,a) G L^_i(0). Elliptic regularity for 
the operator p~ 1 L g pL* gives that /i G C 2,a (f2). 

Note that p~ 1 L g (pL*u) = p~ l <7 — ^p~ 1 L g (pg). We apply the Schauder in- 
terior estimates in the form discussed in Appendix [5J We also use the bound 

|| (u, a)\\^xs, < C||( <t j t )IIo from Proposition ^. 2l and the obvious estimate ||/i||l2 < 

p P — 1 

C|| (it, a) || #2 xR . The constant C may change from line to line. 

Il^llc 2 '" = \\pS* g {u,a)\\ c 2, a <C||(u,a)|| c <,« xR 



< C(\\p V-~p %(p<?)|| c o, Q +||(«,o)||w xl 

V 1 «> 4+ 2-p 1 /2 

< C(||p-V|| c o,o +||(«,o)||« xR ) 



< C |M| c o,„ 

V *,0 4+ fp- 1 /2 

= C\\(a,r)\\ . 



□ 



3.5. Solving the non-linear problem by iteration. The goal of this section 
is to obtain a solution of the non-linear problem Q(g + h) = 9(g) + (cr, r) using 
the linear theory from Section l3~4l to iteratively adjust approximate solutions. The 
proof of Theorem 11.11 will be complete once Proposition 13.41 has been established. 

Wc first make a general remark about the quadratic remainder term in the Taylor 
expansion of h i-> Q(g + h) at an arbitrary C 2 ' Q (S1) metric g. We have that 

@(g + h) = (R(g + h),V(g + h)) = (R(g),V(g)) + S g (h) + Q g {h) 

where S g — DQ g is the linearization of at g and where Q g is the "quadratic 
remainder" term. More precisely, in a fixed coordinate system, S g (h) (respectively 
Q g (h)) is a homogeneous linear (quadratic) polynomial in hij,dkhij and d\ t hij 
whose coefficients are smooth functions of gij,dkgij, d\t9ij (and hij, dkhij, d^ e hij). 
It follows that there is a constant D > so that for any open subset U CC 
£1 we have that ||Q g (/i)||c°(c/)xR < £>INIc 2 , =([/)■ Using this estimate for U = 
B{x,<j>(x)) a small ball near the boundary, and for U the complement of a thin 
collar neighborhood of dfl, we obtain 

\\Q g (h)\\ <D\\h\\l 

where D might have changed. Here, we also used that the weight p tends to 
zero faster on approach to the boundary than any power of the distance function. 
Enlarging D slightly if necessary, we also see that 

(3.7) \\Qj(h)\\o < D\\h\\j 

holds for every metric 7 that is sufficiently close to g in C 2:Q (f2). Similarly, we have 
that 

(3.8) ||S 7 (/0-M^)llo<£>IWl2|l7-7'l|2 
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provided that 7,7' are C 2 ' a (fl) close to g. In (|577|) and ([57g|) the weighted L 2 
and Schauder and norms, in whose dehnition we use the distance function to the 
boundary of f2, are computed with respect to the fixed metric g, cf. Remark 13. 61 

Proposition 3.4. Let (Cl,g) be as in Theorem [7771 Let C > be the constant 
from Proposition \3.3\ There exists 6q > so that given any (er, r) £ Bq with 
||(< j j t )||o < £0; i/iere exists {u,a) G #4 so t/iat /or h — pS*(u,a), g + h is a 
metric with 0(g + h) = 0(g) + (c,t), and smc/i that ||(u, a)||4 < 2C|| (cr, t)||o an d 
||/i|| 2 <2q|(a,r)|| . 

Proof. Let (u ,a Q ) £ #4 be the solution of S g pS*(uo,a ) — (a, r) from Proposition 
13.31 and let ho = pS*(uo,ao), so that 

||(uo,ao)|U < C||((7,t)|| and ||ft || 2 < C\\ (a, t)\\ . 

From (|3.7j) we obtain that ||Q g (/io)||o < ^H^olll an d hence 

\\Q(g + ho) - (R(g) + a, V(g) + r)\\ = \\Q g (h )\\ < DC 2 \\(a, r)\\ 2 . 

We let 71 := g + h a . Note that 71 is a C 2,Q (0) metric provided ||(er, r)|| is 
sufficiently small. Fix 6 £ (0,1). We require that €q > to be so small that 
DC 2 el- s < 1. We now proceed inductively: 

Lemma 3.5 (Cf. Proposition 3.9]). Fix S £ (0, 1). Let C be the constant from 
Provosition \3.3\ There exists eo £ (0, 5) depending only on 5, CI, and g £ C 4 ' Q (f2) 
such that the following holds. Suppose that m > 1 and that we have constructed 
(uo,a(i),...,(ii m -i,fl m -i) £ Bi, h , . . . ,h m -i £ B 2 where h p = pS*(u p ,a p ), and 
metrics 71, ... , -f m £ C 2 ' a (£l) where = g + Y^ P =o hp- Assume that ||(er, t)\\q < eo 
and that for all < p < m — 1, 

(3.9) \\(u p ,a p )\U<C\\(o-,r)\\ Q 1+p5) and \\h p \\ 2 < C\\(a,r)\\ Q 1+pS) , 
and that for all I < j < m, 

(3.10) ||e(7,) - (R(g)+a,V(g)+r)\\o < ||(<r,T)||( 1+i5) . 

// we define h m :— pS*(u m ,a m ) where (u m ,a m ) is the variational solution to 
S g pS g (u m ,a m ) = (R(g) + cr,V(g) + r) — 6(7™) from Provosition \ 3.3l and if we 
let jm+i '■= 7m + hm, then jm+i is a C 2 ' a (il) metric and the estimates i3. 9\) and 
i3.10\) hold for p = m and j = m + 1 . 

Proof. We let 70 := g. The induction hypotheses ensure that \\g — lj\\c^,"(Q.) stays 
small (depending on eo > 0) throughout the iteration. Using Proposition 13.31 we 
find (u m ,a m ) £ B 4 such that S g pS* (u m , a m ) = (R(g) + cr,V(g) + r) - 6(7™). 
Putting h m :— pS*(u m ,a m ), the hypotheses imply the following: 

\\{u m ,a m )\U < C\\(R(g) + a,V(g) + r) - 6( 7m )||o < C\\ [a, r)\\l+ mS , 
\\hmh < C\\(R(g)+a,V(g)+T) - e( 7m )||o < C\\ (a, r)|| + m5 . 

Note that 

0(7 m+ l) = 0(7m) + S lm (h m ) + Q~f m {hm) 

m— 1 

= (R(g) + a,V(g) + r) + £ [S lp+1 (h m ) - S lp {h m )\ + Q lm {h m ). 

p=0 
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Using (|3.7|) . p.8[) and elementary manipulations, we obtain that 



m — 1 

\\(R(g) + a, V(g) + r) - 6( 7m+1 )|| < D I \\h m \\l + \\h m \\ 2 V 1 1 /^^ 1 1 2 



p=0 



m— 1 



< i?C 2 ||(a,r)||( 2+2m5) + ||(a,r)|| 2 +™ 5 V \\(a,r)\^ 



/ , IK": ' ;iio 
\ p=o / 

< 2L>G e (1 - e ) ||(<7,t)|| 

Choose e > small enough so that 2DC 2 e ~ l5 (l - e^)" 1 < 1. □ 

It follows that the series X^o( w P' a p) converges in B4 to some (it, a), and that 
if ft. := pS*(u 7 a), then 7 := 5 + h satisfies 6(7) = (R(g) + c, U(g) + r). Choosing 
e > even smaller if necessary, we obtain that a) | [4 < 2C||(<t, t)||o and 
\\h\\2 < 2C||((7,t)|| from summing the estimates for (u p ,a p ) and h p . This concludes 
the proof of Proposition 13.41 □ 



Remark 3.6. The conclusion of Proposition 13.41 holds with one choice for eo > 
and C > for any metric g' from a small C 4 ' a (Sl) neighborhood of g. To see 
this, note that the condition that S*, have only trivial kernel in Hl oc (£V) x R is 
an open condition for g' e C 4 ' Q (f2). This follows easily from Proposition 12.21 
The fundamental coercivity estimate (|3.3|) . and hence (|3.1j) . holds with a uniform 
constant C for all metrics g' that are close to g in C 4,Q (£1). The dependence on 
the metric can easily be made part of the proof. The derivation of (|3.3[) is the only 
indirect argument that was used in the proof of Proposition l3.4l We emphasize that 
the norms of the lower order terms of the operators to which we apply Schauder 
estimates in the proof of Proposition 13.31 are uniformly bounded in appropriate 
spaces, even though the weighted norms as g' varies in a neighborhood of g are not 
necessarily equivalent. Thus there is a constant C for which the weighted Schauder 
estimates will hold for all g' from a C 4 ' a (£l) neighborhood of g. 

3.6. Continuous dependence. 

Proposition 3.7. There exist eo > and C > with the following property. If 
(oi, Ti) G Bq with || (<7i, Ti)||o < eo for i = 1,2, and ifji and 72 are the corresponding 
solutions ofQ(ji) = 0(g) + (o~i, Ti), i = 1,2, constructed in the proof of Proposition 
[O then || 7 i -72II2 < C\\(ai,n) - (cr 2 ,r 2 )||o. 



Proof. Let (ui, etj), hi — pS*(ui, <2j), and ji = g + hi be as in Proposition [374] Then 
S g (hi - h 2 ) = S g pS*(ui - u 2l ai - a 2 ) = (01 - <72,ti - t 2 ) + {Q g (h 2 ) - Q g (hi)). 

Analysis of the remainder term in the Taylor expansion as in Section 13.51 gives 
\\Q g (hi) - Q s (Mllo < D\\fn - M 2 (||/ii||2 + IIMa) < 2CDe Q \\h x - h 2 \\ 2 . 

Interior Schauder estimates for the operator p~ 1 L g pL* give that 
\\hi-h 2 \\ 2 = \\pSgiux - u 2 ,ai - a 2 )\\ 2 < C\\{ui - u 2 ,ai - a 2 )\\ 4 

< CiWp-^o-.-a^-p-'^-^Lgipg)^ 

+ ||(ui - w 2 ,ai - a 2 )\\ H 2 xM + \\Qgihx) - Q g (h 2 )\\o) 
(3.11) < C(|| t ri-ff2||o + ||(« 1 -U2 ) ai-02)|| fl a xR + 2C , I>eo||/»i-M2)- 
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By the coercivity estimate (|3.1|l . 

|| (tti - v,2,ai - a 2 )|||f| xR < C J S*(ui ~ u 2 ,ai- a 2 ) ■ pS*(ui - u 2 ,ai - a 2 ) d^ g 



C S*{ui - u 2 ,ai - a 2 ) ■ (hi - h 2 ) dp, g . 



We would like to integrate by parts in the last term. Since S*(u\ — u 2 , a\ — a 2 ) € 
L 2 p (VL) n C 2 ' a „ i (f2), it is not immediately clear that the boundary terms will 

vanish. Using that C°°(f2) is dense in H 2 (Vt) (cf. [9] Lemma 2.1]), we can justify 
the integration by parts using an approximation argument. It follows that 

|| («1 - u 2 ,ai - a 2 )||^-2 xK < C J (ui - u 2 ,ai - a 2 ) ■ S g (hi - h 2 ) dp g 

< C\\(ux - u 2 ,a x - a 2 )||i,2xR||(0i - ct 2 ,ti - t 2 ) + (Q g (h 2 ) - <2 9 (/ii))|| L 2 xK 

< C\\(ui ~ u 2 ,ai - a 2 )\\ H 2 xR (|1 (cti - <j 2i ti - t 2 )||o + 2CT>e ||/ii - h 2 \\ 2 ) . 
Together with p. lip , this completes the proof. □ 

3.7. Higher order regularity of the solution and the proof of Theorem 11.21 

The non-linear differential operator u h-> P(u) = p^ 1 (R(g + pS*(u,a)) — R(g)) is 
quasi-linear fourth order elliptic in u provided that pS*(u,a) is sufficiently small. 
The fourth order part of this operator is equal to 

-jl ll l jk g ab (—gjlUabik + gjkU a bi£ + guUabjk ~ gik^abji) ■ 

Here, ^ := (g + pS*(u, a))~- . To see ellipticity, note that for pS*(u, a) sufficiently 
small, 7 1 - 7 is close to g l i and the symbol of the operator is close to (n — 1)|£| 4 - The 
lower order terms may blow up on the boundary. The equation P(u) = p~ l a can 
be cast in a form to which higher order Schauder estimates similar to those in (|A.2|) 
of Appendix [5] and bootstrapping can be applied. Note that the right hand side 
is compactly supported and hence lies in any of the weighted Sobolev spaces we 
defined. Under the regularity assumptions for (f2, g) in the statement of Theorem 
11.21 we obtain that 



(3.12) |M| c *+4.« <C{k,n,g)(\\Pu\\ ck , a +\\u\\ L 2 

This implies that 

\\h\\ c k+2, a = \\pS*(u,a)\\ ck +2, a < C\\(u,a)\\ c k+A, a xR < oo. 

*,* 2 + 7p-l/2 *,0 2+ 7p- 1 /2 *,*"/2pV2 

In particular, it follows that h = pS*(u, a) extends by as a C k+2,a function across 
the boundary of fl. We emphasize that we lose two degrees of differentiability in 
the construction of h. Theorem 11.21 follows from this, Remark 13.61 and inspection 
of how the weighted norms we have used are constructed and depend on the metric 
tensor. Note that to arrange supp(7 — g) to be compactly contained in f2, we would 
first replace fi by £1$, for S > so small that 51o C Sis and so that Sis is not U-static 
(see the proof of Proposition 13. ip . 
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We remark that if the metric g is smooth to start with, then we can bootstrap 
to conclude that h, and hence 7 = g + h, is also smooth. 

4. Constant scalar curvature gluing with a volume constraint 

Theorem 4.1. Let k > 2, n > 3, and a n E {— n(n — l),0,n(n — 1)}. Let 
(Si, 71), (S2, 72) be two compact n- dimensional C k,a Riemannian manifolds with 
non-empty boundary. Assume that R{^\) = ^(72) = o~ n . When o~ n > 0, we also 
assume that the operators ( A 7i + n) have positive Dirichlet spectrum on E, . Let 
Pi 6 int(Ei) and Ui be a neighborhood of pi in Y>i for i G {1,2}. There is a fam- 
ily of C k ' a metrics {tt} on the connected sum £i#E2 D (Si \ Ui) U (£2 \ U2) 
with -R(7t) = cr„ and suc/i £/ia£ jt ~ > 7i LI 72 in C fe,a ^(I]i \ C/i) U (S 2 \ L/2)) a^d 
vo1(£i#£ 2 ,7t) ~> v0 K s i:7i) + V0 K S 2,72) as T ->• 00. 

Remark 4.2. It is clear from the proof that Theorem l4 . 1 1 also holds in the case where 
DYii — and o~ n < and in the case where a n > and (A 7i + n) has positive 
spectrum. 

Theorem 14.11 is a augments the result of |SJ Theorem 1.2], where an analogous 
gluing result is formulated for o~ n < 0, without a volume constraint. We include 
here the case o~ n > 0, and we also estimate the volume, which we need for our 
application to Theorem ll.61 The proof of Theorem 14.11 follows the approach of the 
proofs of [T3l Theorem 1] and O Theorem 3.10] closely. For completeness and 
clarity, we repeat many of the arguments rather than simply indicating necessary 
modifications. Some of our estimates are slightly sharper than the analogues in 
[l3l 114] . and there is at least one technical simplification as we do not need to 
employ weighted Holder spaces in our argument. 

4.1. The approximate solution. Here we construct approximate solutions to 
the scalar curvature equation on the connected sum. To do this, we use a con- 
formal rescaling in each of two punctured geodesic balls Bi \ {pi} C Ui to pro- 
duce a metric on each of \ {pi} with an asymptotically cylindrical end. We 
identify these ends (after a cut off to an exact cylindrical metric far along the 
end) to form the connected sum. We then superimpose the two conformal fac- 
tors used to produce these cylindrical blow ups on the ends to obtain a new con- 
formal factor. This gluing generalizes how the (scalar flat) Schwarzschild metric 
(R™\{0}, (1 + 21^1"-^ 2/=i dx?) connects two copies of Euclidean space through 
a small neck of cross sectional area proportional to m^ n_1 ^ '( n ~ 2 \ Our construction 
of approximate solutions here follows that of [131 Section 2] very closely. 

Lemma 4.3 (Quasi-polar and quasi-cylindrical coordinates). Let n,k > 2, let 

(M,g) be an n-dimensional C k ' a Riemannian manifold, and let p € int(Af). There 
exists ro > such that for every p € (0, ro), there exist C k+1,a coordinates (x 1 , . . . , x n ) 
on an open subset containing B(p, p/2), with (0, . . . , 0) corresponding to p, and such 
that gij = Sij + Qij, where Qij £ C k > a (B(p, p/2 j), with Qij(0) = = Qy^(0) for 
all i,j,£ G {1, ...,n}. Let {r,9) be polar coordinates in this coordinate system. 
One can extend r to all of M \ {p} as a C k ' a function with uniform bounds on 
r £_1 |Vgr| g for £ — 1, . . . k, so r(x) agrees with dist g (p, a;) on B(p,p) \ B(p,p/2), 

such that ^r(x) < dist g (p, x) < 2r(x) on all of B(p, p), and so that dis [ ^ ^ — > 1 
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as distg (p, x) — > 0. Changing to cylindrical coordinates t(x) = — \ogr(x), we can 
express the metric r~ 2 g on B(p, p/2) \ {p} in the form dt 2 + (fen-i + e~ 2t h where 

h e C \oc( B (P'P/ 2 )\{p})- Moreover, ||/i|| c *.«([- io g ( P /2),oo)xS"- 1 ) < °°, where the 
norm (including covariant derivatives) is taken with respect to the cylindrical metric 
dt 2 +g$n-x. 

Proof. We can compose any C k+1,a diffeomorphism ip of a neighborhood of p in 
M onto a neighborhood of the origin f(p) in K™ with a map that is a non-singular 
linear transformation plus a vector field whose entries are homogenous quadratic 
polynomials in the coordinates, to obtain a new coordinate system centered at p 
in which g^ = 5ij + Qij, with Qij(0) — = Qij y e(0) for all i € {l,...,n}. 
Let 9 : §™ _1 — > 1" be the standard embedding of the unit sphere, and let <J> : 
R x S"- 1 — >• R™ \ {(0, . . . , 0)} be the "cylindrical coordinates map" 6) = e"*6>. 
Pulling back </y by this map, we get 

^{gijdx* <g) dx j ) = e~ 2t {dt 2 + g §n -i + Q lj {e- t 6)(-d i dt + d0 l ) ® {-6 3 dt + d9 j )) 

=:e- 2t (dt 2 +g sn -i+e- 2t h). 

Using Qij(0) = = Qy^(0), the assertions about the decay of h follow readily. □ 

Remark 4.4. In [T31 (9)], the weaker decay rate e~ 2t (dt 2 + <?§n-i + er t h) with h 
and its derivatives bounded as t — > oo is used. Our sharper estimate leads to better 
bounds in some places than those obtained in jl3j . 

Remark 4.5. We do not work with cylindrical coordinates based on geodesic polar 
coordinates in Lemma l4~3l to avoid an unnecessary loss of regularity. Recall that the 
distance function of a C > a metric to a point p is C k,a in a punctured neighborhood 
of p, see [TT] . 

We now fix R € (0, | mm{l, dist 7i (pi, 9E,), (r );,i = 1,2}). Here, (r )i is as 
in Lemma 14.31 applied with M = Ej and p ~ p^. We let r(j)(a;) be the functions 
constructed in Lemma 14.31 for p = R. 

We define Ti(x) = min{2i?, ru)(x)}. Let ip : (0, oo) — > (0, oo) be a smooth, 
positive function with 

!t^ 0<t<R 
interpolation R<t<2R 
1 t > 2R . 

We let Vi(x) = Tp(n{x)). On B lz { Pll R), = {n{x)) 2 . Let E* = S 4 \ 

_ 4 

{pi}. Then (E*,^' i "~ 2 7i) is (E^ \ £? 7i (p i: 2i?), 7,) with an infinite, asymptotically 
cylindrical end attached. 

Let T > To ^> — 21ogi2 > 1, and let (ri,8) be the quasi-geodesic polar coor- 
dinates on £> 7i (pj , 3R) C Ej of Lemma 14.31 Let Si = — log + log R — . Note 
that under this change of variables, r; = i? corresponds to Si — — ? and \ 
corresponds to s; /* 00. By Lemma T4.3[ the metric ^ 4 ^ n ^7; on i? 7i (pi,i?) can 
be written as ds 2 + ggn-i + e~ T e~ 2si R 2 hi where hi and its covariant derivatives 
with respect to the cylindrical metric ds 2 + gs^-i are bounded, independently of 
T. Let 7^t be the metric obtained by transitioning smoothly in the (s;, #)-region 

(-1,-5) x S™- 1 from the metric ^ i/{n ~ 2 \ t = ds 2 + g s «-i + e^e^R 2 ^ on 
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(— 1) x §" _1 to the exact cylindrical metric ds 2 + g§n-i on (— §,oo) x S' i_1 . 
Such a transition can be accomplished using a cut-off function whose norms do not 
depend on T. 

The cylindrical ends of the two Riemannian manifolds so obtained can be iden- 
tified by forming the quotient via the relation (si,6) ~ (— S2,0) in the exactly 
cylindrical pieces (—5, 5) X § Tl_1 in each of (E^t^t). We obtain a new manifold 
(Ey,7x), where St is topological^/ just Ei#E2. We define a new linear coordinate 
s on [— -j, -j] x = Ct C Et, so that s = si for s < and s — —S2 for s > 0. 
On Ct, the metric 7t takes the form 

(4.1) 7t = ds 2 + g §n -i + e~ T cosh(2s)h T , 

where hx and its derivatives with respect to the cylindrical metric are bounded 
independently of T, and where /it = on [— |, |] x § n_1 . 

Let Xi,t(s) be a cut-off function transitioning smoothly from 1 near {-j — 1} x 
§ n_1 to near {-j} x S n_1 , and let X2,t(s) be the corresponding cut-off function 
transitioning smoothly from 1 near {— ^ + 1} x S™ -1 to near {— -j} x §™ _1 . The 
function \Pt defined by ^t(s,0) :— xi,T(s) - 0(^ e_s_ ^) + X2,T(s)?A(i?e ;s ~¥ ) extends 
smoothly to Et. 

Note that on (-f + 1, f - 1) x S"" 1 C C T , we have 

#t(s,0) = (i?e- s -*)^ + (i?e s ~*)^ = 2i?^e" 1 ^cosh(^)£). 
The scalar curvature of ^1/^" 2 ^7t is given by 

(4.2) R(*F*Jr) = c- 1 ^^ (-A 7t *t + c n i?(7 T )*T) ■ 

Here, c„ = jt^tj- Because 7t is exactly cylindrical on (—5, 5) x S n_1 , we have 

that R^t/^ 2 '7t) = there. In fact, on this region, Vt^™ 2 ^7t is precisely the 
Schwarzschild metric of mass m = 2i?("~ 2 )e~("~ 2 ) T / 2 , with the minimal sphere at 
s = in our coordinates (cf. [2]). The geometry of (E T , \Py 7t) is thus that of a 
Schwarzschild neck together with interpolating regions joining (Ei\B 7l (px, 2i?), 7x) 
and (E 2 \ B 72 ( P2 ,2R), 72 ). 

We use {(St, "Jj^™ 2 ^7t)}t>t as a family of approximate solutions to the 
constant scalar curvature equation on Ei#E2 that we want to perturb to obtain 
exact solutions. The injectivity radius of (Et, 7 t) is bounded below uniformly as 
T — > 00. Define the operator 

•A/t(/) :=-A 7T / + c„i?(7 T )/-c„cr„/^. 

In view of (|4.2[) . we would like to solve Nt{^t + Vt) — for small r/T, such that 
^t + i]T > 0. To accomplish this by perturbation, we will estimate A/"t(^t) and 
analyze the mapping properties of the linearization Ct of At at ^t- 

Let ||/||fc,Q := ||/||c fc °(s T ) denote the Holder norm on (E t ,7t)- Let "<" denote 
an inequality up to multiplication by a constant that is independent of T. We begin 
by estimating Afxi^r)'- 

Proposition 4.6 (Cf. [13j Proposition 6]). If2<n<6, we have that 

(4.3) ||A/t(*t)|U-2, q <e-^^. 
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For n > 6, 

(4.4) \WT^>T)\\k-2, a <e- iJ ^. 

This estimate follows along the lines of [T3| Proposition 6], [HI Proposition 3.6]. 
For the reader's convenience, we include a proof in Appendix [B] The cited proofs 
involve some additional terms coming from the Einstein constraint equations. Our 
estimates are also slightly sharper due in part to the fact that we use a better 
estimate on the metric (Lemma I4.3[) . 

4.2. The linearized operator. The linearization Ct of AZ*t at is given by 

Cr(f) ■= = -A lT f + c n R(lT)f - c„a„^±|4 /( "- 2) /. 

For a given integer I with < I < k, we define the function space C ' a (Ey) = 
{u £ C £ ' q (£t) an d u | 9St = 0}- The proof of the following proposition is very 
similar to [T31 HI]. We include the proof for completeness and clarity. We let 

Proposition 4.7 (Cf. [131 Proposition 8]). For every fc > 2 arte? aZZ sufficiently 
large T, the operators C T : C fc > Q (E T ) -> C fe - 2 '"(E T ) are invertible. The norms of 
the inverse operators Gt '■ C fc_2 ' Q (Ey) — > (7 '"(Ex) are uniformly bounded. 

Proof. We first show that £ T : 6 2 > a (Z T ) -> C < Q (E T ) is invertible for large T. The 
invertibility of these operators for k > 3 follows from elliptic regularity. This map 
is Fredholm of index zero, so we only have to show that it is injective for T large 
enough. We do this by contradiction below. First, note that s = (— l) 3 corresponds 
to rj = Re 1 -^ =: r(T), and that (£* r(T) , *7 4/(n_2) 7j -) c (E t , 7t ). Thus, as T 

grows, more and more of (E*, ^ ■ 4 ^ n 7 3 -) is contained in (Ey,7r). 

Suppose there is a sequence T m oo and non-zero rj m £ C ,2,a (Ej' m ) so that 
C.T m {r]m) = 0. By normalization, we may arrange max|r/ m | = 1. We distinguish 

two cases. 

In the first case, we assume that for one of j = 1,2, and for some < r < R, 
there is a c > so that max \r) m \ > c (at least for a subsequence, which we re-index). 

Let 7j := ^ ■ 4 ^ n 2 ^7j. The operators Cr m converge locally on E* to the operator 
Cj = — Ay j + c n R(^fj) — c n <7„^±|\]/ 4 / ^ n 2 \ Since the r\ m are uniformly bounded, 
interior Schauder estimates on the equations C.T m (j\m) = imply that we can take 
a subsequence converging in C 2 on compact subsets of E*, to a non-trivial limit 
function n on E*. Moreover, we have Cj(rj) — on E*. Applying the identity 

-A^f + c n R{l 3 )f = Vpi-A^ff) + c n R( 7j )(^f)) 
for the conformal Laplacian valid for every / <E C 2 (Ej) with / = r/, we obtain that 

Since R("fj) — o~ n , we conclude that 
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Note that ^ ^J 1 ^ G C 2 ' Q (E*) vanishes on 9Ej. We have that {^J 1 ^ < r j 
near pj since \rj\ < 1. Our assumption that the operator A 7j . + -rfV has positive 
Dirichlet spectrum on Ej implies the existence of a positive (Dirichlet) Green's 
function with pole at pj, where it grows like Tj 2 ' . A standard application of 
the maximum principle shows that l^" 1 ^ lies below any positive multiple of this 
Green's function. Hence ^J 1 V = 0, a contradiction. 

If we arc not in the first case, then r) m — > locally uniformly on E|. If q rn is 
such that \i] m (q m )\ = 1, then q m = (s(q m ),6(q m )) € C Tm = x S"" 1 

and min{-^p- — s(q m ), s(q m ) + -jjj*-} — > +oo. Introducing a new linear variable 
s = s — s(q m ) (where we are now identifying the cylindrical pieces Cx m C Sr m by 
identifying the (s,0) coordinate patches), we conclude that jT m 7 = <^s 2 + 5S™- 1 
and * T „, -> locally smoothly on R x S n_1 . It follows that £ Tm -> £ := -A 7 + 
c n R(fy) = — A 7 + J locally smoothly on K x S n . Using interior Schauder 
estimates and the supremum bound on 7j m , we get a subsequence converging in C 2 
on compact subsets of the cylinder to a solution 77 of £(77) = 0. Moreover, \q\ < 1 
and |^| = 1 at some point with 1 = 0. This contradicts the maximum principle. 

Finally, we show that the norm of the inverse Gt ■ C fc_2 ' a (E T ) — > C k ' a (Y, T ) 
can be bounded independently of T large. The proof proceeds by contradiction, as 
above. Suppose there are T m /• 00 and r\ m £ C fc_2 ' Q (E Tm ) so that ||/7 m ||fc_2,a — > 
while \\QT m {Vm)\\k,a = 1- Let v m = GT m (Vm), so that \\C Tm {v m )\\k-2, a = 
||??m||fc-2,a — > 0. Since ||u m ||fc. Q = 1, we see that v m converges in C k on com- 
pact subsets of E* := EJ U E|. Just as above, there are two possible cases. In the 
first case, for either j = 1 or j = 2, some subsequence of the v m converges in the 
C k on compact subsets of E* to a non-trivial solution v of the equation Cj (v) = 
with v\gs j = 0, in which case 1 &J 1 v extends to a non-trivial element in the kernel 
of (A 7i + -^j) on Ej. This is a contradiction. 

In the second case, v m converges to zero in C k on any compact subset of E^ UEj. 
The operators Ct are uniformly elliptic. Since \\Cr m {v m )\\k-2,a ~ > and ||w m |U.a = 
1, interior Schauder estimates imply that ||w m ||o cannot tend to zero. Thus there 
is a c > so that 

c < max \v m \ < 1. 

The same rescaling to a cylinder as above leads to a contradiction. □ 

Wc have now established the linear theory. Before moving on to the non-linear 
estimates, we note that in the zero scalar curvature case a n — 0, the problem we 
want to solve is linear: Afr(f) = — A 7T (/) + c n R(jT)f — £t(/)- In this case, 
Proposition |4J] is enough to obtain a solution t]t € C k ' a (T,T) of Afr(^T + Vt) = 0, 
for sufficiently large T. Such an ij T is given by vt = —Gt(Nt(^t)) and satisfies 
ll»7rlU,Q < ||-A/'r(^ , T)||fe-2,a- % Proposition g^J we have that 



(4.5) sup 

S7 1 



Vt 



< 



' (n-2)T 

e 4 for n < 6 

e~ T for n > 6. 



This guarantees that 
on Et for sufficiently large T. 
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4.3. Non-linear estimates. When a n ^ 0, we solve the non-linear problem Afr(^T- 
tjt) = using a contraction mapping argument. To do this, we apply the linear 
estimates above, along with the following estimate of the quadratic error term Qt, 
where 

Q T (v) ■ = Nt{^t + V) - (A/"t(*t) + C T (v)) 

The arguments in this subsection follow those of [T3l Section 6] closely. 

Lemma 4.8 (Cf. [H Lemma 8]). Let k>2. For all rji with l*^ 1 ^! < we have 
that 

(4.6) ||Qr(??i)- Qr(??2)||fe-2,a < ^max ||* T 1 ^|| fe _2,a^ \\vi ~ V2\\k-2, a - 

Proof. This follows at once from the expansion 



n + 2 
n — 2 



71 4" 2 4 n + 2 n + 2 

r 4 i 



*y- 2 -(* T + i?7i + (l-t)??2)" 
i 

CnCTn -(m - 77 2 )*^- 2 / 1 - (1 + + (1 - t)*r 1? ?2 

n — 2 J L v 



□ 



Proposition 4.9 (Cf. 13, Proposition 9]). Le£ k > 2. Let j3 be a constant such 
that (3 £ (2=2, 2=2) n < Q and (3 e (2=2, 2±2) n > 6 . Let Mfj .- e 

C fc '"(E T ) : ||r?|| feja < e~' 9T }. For sufficiently large T, the mapping 

F T : 77 >->. -Q t {Mt{^t) + Qt(")) 

is a contraction mapping Ft '■ 1% — > IBg. 

Proof. Recall that "<" denotes an inequality up to multiplication by a constant 
that is independent of T. In view of the explicit expression of ^t in Section 14.11 
we easily see that for n GMp we have that 

(4-7) ||* T 1 , / || fe _ 2 , Q <e-^e^ T . 

Since /3 > 2=2 5 the right-hand side of (|4.7[) goes to uniformly as T —> 00. There- 
fore, for any 7/1,772 G B^ and sufficiently large T, using the uniform bound on Qt 
from Proposition ^. 71 we have 

ll-Prfai) - Mm)\\k, a = WQAQAm) - Q T {m))\\k, a 
< WQHm)- Qt (77OI | fc _2,a. 

By (|4.6[) and (I4.7[) . Fx is a contraction mapping on IBg for T large. To see that 
Ft maps into itself, we note that by Proposition 14.61 and the upper bound 
for P we have that ||A/t(*t)|U-2,q = o{e~ l3T ), while P~oT) and (I4T71) imply that 
II QT{v)\\k—2,a — o(e~' 3T ). Using once more the T-independent bound for the norm 
of Qt from Proposition 14. 7\ we conclude that indeed Ft(t)) S B^ for 77 € Bp. □ 
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Choose (3 as in Proposition 14.91 For sufficiently large T, Ft has a unique fixed 
point rjT & IB/3- If we let V^t '■= + Vt, then Afri^r) = 0. Since t\t G B/3, 
by (|4.7j) . we have that > for large T. Thus we have solved the constant 
scalar curvature equation f2(\fry ™ 2 "*7t) = o~ n . Moreover, by elliptic regularity, 
# T € C fe < Q (E T ). Let 7 T = ^ /(n ~ 2) 7T . 

We remark that if the metrics gi are smooth to start with, then we can bootstrap 
to conclude that 7r is also smooth. 

4.4. Volume estimate. We now derive estimates on the volume of (Et, Jt)- The 
following proposition will complete the proof of Theorem 14. II 

Proposition 4.10. The volume of (Et , Jt) approaches vol(Si,7i)+vol(S2,72) as 
T — > oo. 

Proof. We note that E T \ Q-f , f ] x S™" 1 ) corresponds to [E x \ 5 71 (p X) e _ T.R)] u 
[E 2 \ B 12 {jp2, e~^R)]. On the respective components, we have ^7t = 7i- 

Furthermore, — » 1 uniformly as T — >■ oo on each of the respective components, 

and by (|4.7[) . ^ — > 1 uniformly as well. Thus the volume of (E T \ ([— ^> f-] x 
§" _1 ),7t) tends to vol(Ei, 71) + vol(E 2 , 72). 

We show now that vol([— X S™ _1 ,7t) tends to zero as T — > 00. Since 

vol([— 1, 1] x §™ _1 ,7t) is uniformly bounded, by the estimate of ^t, we see that 
vol([-l, 1] x S"- 1 , * T /(n_2) 7 T ) goes to zero. By (|477|l . we have < 2 on E T for 
all T sufficiently large. Thus vol([— 1, 1] x § n_1 ,7T) also goes tends to zero. 

We next consider the right half [1, f ] xS"" 1 . Now, vol([l, f ] xS n ~\ *2 /( ™~ 2) 7 T ) 
is less than vol(£? 72 (p 2 , e~?i?), 72) and hence tends to as T — >■ 00. In this region, 
we have that < 2 and < 2. Hence vol([l, |] x S™" 1 , *2 /( "~ 2) 7t) tends 

to 0. The left half is dealt with similarly. □ 

5. Localizing the gluing: Proof of Theorem 11.61 



The idea of combining the theory of local scalar curvature deformation in con- 
junction with a conformal gluing method in the proof here is exactly as in [H p. 
57-58]. 

Proof. Fix two points pi € Ui. There exists po > such that B gi (j)i, po) dUi, such 
that for any p € (0,po) the operators A gi + have positive Dirichlet spectrum 
on B gi (pi,p), and such that Ui \ B gi (pi, p/2) is not V-static. (The last assertion 
follows from an argument as in the proof of Proposition l3.ll ') Fix p 6 (0,po). 



Applying Theorem 14.11 with E^ := B gi (pi,p), 7, := <?i, we get a family of metrics 
{.9t := 7t}, with R{gr) = f n on Ei#E2 D Ej\B Si (pj,p/2), such that <?t converges 
to gi in C fe ' a (S i \S Si (pi,p/2)) and vol(£i#£ 2 ,0r) -»■ vol(£i, + vol(£ 2 , <? 2 ). 

We patch back in the original metric gi , transitioning from g± near SE^ to gr near 
9B gi (pi, p/2) in the usual way: let < Xi < 1 be a fixed smooth function on Mj such 
that Xi = 1 m a neighborhood of SE^ and Xi = in a neighborhood of dB gi (pi, p/2). 
Definej? T = Xi9i + (1 - Xi)_9r on £; \ B gi (pi,p]2). Then gr converges to g t in 
C k ' a {Ui \ B gi { Pl ,p/2)), Y0\{U 1 #U 2l g T ) -► vol(tfi >ff i) + vol(C/ 2 , <? 2 ), and i?(g T ) -> 
cr„, with R{gr) = cr„ in a neighborhood of dUi and dB gi (pi, p/2). Since is not 
F-static on Ui \ B gi (p i7 p/2), Theorem II .21 can now be applied on Ui \ B gi (pi, p/2) 



24 



JUSTIN CORVINO, MICHAEL EICHMAIR, AND PENGZI MIAO 



to deform gr (for sufficiently large T) to a metric g such that (gr — g) has compact 
support in Ui \ B g% (j>%, p/2), R(g) = a n , and 

vol(F 1)5l ) + vol{U 2 ,g 2 ) = vol(U x \ B gi ( Pl ,p/2),g) + vol(T7 2 \ B g2 {p 2 , p/2), g) 
+vol(Z7 1 #Z7 2 \ ((Ui \ B gi (pi, p/2)) U (Z7 2 \ B g2 (pa, p/2))) , ,g T ). 

The metric p on Mi#M 2 given by j = g, on JW; \ [/; , g = g on Ui\ B 9i (pi, p/2), 
and 5 = 5t on (Fi#[7 2 ) \ ((t/i \ B gi (pi, p/2)) U (Z7 2 \ B 92 (p 2 , p/2))) has all the 
properties asserted in Theorem If .61 □ 

6. Counterexamples to Min-Oo's conjecture with non-trivial 
topology and arbitrarily large volume 

In |23j . Min-Oo conjectured that if (fi, g) is a compact Riemannian manifold with 
boundary such that g has scalar curvature at least n(n— 1), such that <9f2 is isometric 
to the standard round sphere §™ _1 , and such that dQ. is totally geodesic in (f2,p), 
then (£l,g) is isometric to the standard round hemisphere §™. Various affirmative 
partial results under stronger hypotheses have been achieved in this direction. We 
refer the reader to [3] for a comprehensive account of these contributions. Recently, 
Brendle, Marques, and Neves constructed a counterexample to Min-Oo's conjecture: 

Theorem 6.1 ([3J Theorem 7]). Given any integer n > 3, there exists a smooth 
metric g on the hemisphere §1 with the following properties: 

(f) The scalar curvature of g is at least n(n — I) at every point on S™ . 

(2) The scalar curvature of g is strictly greater than n(n — 1) at some point on 
S%. 

(3) The metric g agrees with the standard round metric on §!L in a neighborhood 
of the equator 9§™ . 

We can construct more complicated counterexamples to Min-Oo's conjecture 
from counterexamples such as these by combining Theorem 11.21 and Theorem 14.11 
(see also Remark l6.4p : 

Proposition 6.2. Let g be a metric on §™ that is a counterexample to Min-Oo's 
conjecture. Suppose g agrees with the standard round metric g in a neighborhood of 
the equator 9S™ . Given any constant Vq > 0, there exists a counterexample (S™ ,g) 
to Min-Oo's conjecture such that vol(S™,^) > Vo- 

Proof. By analyticity, cf. the comments following (|2.2[) . the metric g cannot be 
F-static on S£. 

Let B g (p, p) c S" be a geodesic ball such that R(g) = n{n— 1) on B g (p, p), A g +n 
has positive Dirichlet spectrum on B g (p, p), and g is not V^-static on S" \B g (p, p/2). 
We can proceed exactly as in the proof of Theorem If .61 and glue (§",<?) to a copy 
of itself, first applying Theorem 14.11 in case Ei and E 2 are taken to be B g (p,p) 
from each copy, and then applying Theorem 11.21 to each copy of the non-static 
region §™ \ B g (p,p/2). The resulting metric g on agrees with g to infinite 

order at 9S™ in both copies of §" . Moreover, R(g) — n(n — 1) in the neck region 
while R(g) = R{g) on E>\ \ B g {p,p/2) in both copies of S%, and vol(S^#§!f:, g) = 
2vol(§™ ,g). Because g coincides with the standard round metric g near <9S™ and g 
extends smoothly to g across 9§™, we can then add a standard round hemisphere 
to one of the two copies of S" . Clearly, this process can be iterated, increasing the 
volume at every stage by a fixed amount. □ 
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In conjunction with Theorem 16. 1[ it follows that there are counterexamples to 
Min-Oo's conjecture of arbitrarily large volume. In contrast, it is shown in [22] that 
a metric g on that satisfies conclusions (1) and (3) of Theorem 16.11 and which is 
also C 2 -close to the standard round metric g on S™ has volume less than vol(S" ,g). 

Remark 6.3. In the proof of Proposition ^. 21 we can arrange that g agrees with the 
round metric g near <9§™ . Indeed, when applying the proof of Theorem II. 2 \ we can 
first find a collar neighborhood N C of <9§™ , so that B g (p, p) C U := §™ \lV, and 
U \ B g (p,p/2) is not I^-static. We also note that the proof of Proposition 16.21 can 
be applied to any counterexample of the Min-Oo conjecture which is not T^-static 
and contains a domain with constant scalar curvature. We can connect to such a 
space one of the examples satisfying conditions (1) and (3) of Theorem 16.11 After 
applying Theorem ll.6[ we can cap off this end with a round sphere as above. 

Remark 6.4. The large-volume counterexamples to Min-Oo's conjecture can alter- 
natively be obtained from the Brendle-Marques-Neves counterexample using the 
Gromov-Lawson connect-sum construction for positive scalar curvature [12] . The 
construction in (12j is local near the gluing points. One would connect two copies of 
the example of Brendle-Marques-Neves at points where R(g) > n(n — 1), applying 
the technique of Gromov-Lawson carefully so as to maintain the lower bound on 
the scalar curvature. 

Remark 6.5. In the proof of Proposition 16.21 one can start with two disjoint small 
balls B g (pi,pi) and Bg{j>2,p-i) in (§",<?) such that R(g) = n(n — 1) on B g (pi,pi), 
A g + n has positive Dirichlet spectrum on B g (pi, pi), i — 1,2, and g is not ^-static 
on U = S" \ (B g (pi, 4p) U B g (p2, By forming the connected sum of B g (j>\,p\) 
and B g (p2,p2) (adding a handle) and deforming the metric on U, one obtains a 
counterexample to Min-Oo's conjecture with non-trivial fundamental group. One 
can also obtain such an example by connecting a counterexample to Min-Oo's con- 
jecture to a non-F-static metric on S 1 x S" -1 or S"/r (where T is a finite subgroup 
of SO(n + 1)) which has scalar curvature at least n(n — 1), and in some region has 
constant scalar curvature n(n — 1). The existence of such metrics on S 1 x S n_1 or 
S"/r follows from results of Kazdan- Warner. In fact, it is shown in [16l [17] that 
on every closed manifold that admits a smooth metric of positive scalar curvature, 
every smooth function is the scalar curvature of some smooth metric. Applying 
the proof of Proposition 16.21 to such an example, one obtains more complicated 
counterexamples with non-trivial topology and arbitrarily large volume. 

Appendix A. Schauder theory 

Here we discuss interior Schauder estimates in weighted spaces, following Chrusciel 
and Delay [H Appendix B], for the particular example of the operator u >-> P{u) :— 
p~ 1 L g pL*u. Note that, in local coordinates, P(u) has the form 

(n-l)A 2 g u+ bpD^u. 

\P\<3 

Recall that the weight p is a smooth function that behaves like e" x ^ d near dfl. It 
is easy to check that ||6fl||„o > a < oo. By appropriate scaling, one can obtain 

interior Schauder estimates on small balls near the boundary of f2 from interior 
Schauder estimates on balls of a fixed size for an operator whose coefficients are 
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well controlled. The weighted Holder norms defined in Section [3TT1 are designed for 
this purpose. 

For simplicity, we assume that we are working in R™ with the standard metric, 
and that x is close to dft so that (j>(x) = d(x) 2 . For z € B(0, 1), let y = x + 4>(x)z, 
and for any /, let f(z) = f(x + (j)(x)z) = f(y). Then D z u\ z = (f>(x)D y u\ x+ ^ x)z . 
We compute that 



(Pu){x + <t>(x)z) = (n - l)Alu\ x+mz + £ bpDfa 

\0\<3 

= cb(x)- i (n-l)A 2 z u\ z + <f>(x)- m h(z)D?u\ 

\P\<3 

We obtain that 



cj){xfPu(z) = (n - 1)A 2 Z + J2 (/>{x) i - W bp(z)Dl u =: Pu(z). 

\ \P\<3 J 

We see that P is uniformly elliptic on B(0, 1) and has coefficients that are bounded 
in C° : " by bounds for || &>3 1| c? .« • The standard interior Schauder estimate gives 

l|w||c 4 .°(B(0,i)) < C (ll-P"llc°-"(i?(0,i)) + INL 2 (B(0,§))) 

< C (H x ) 4 \\ P u\\c«^(B(0±)) + I|w|Il2( S ( ,I))) • 

Scaling back, we see that 

4 

2^( !B ) , |l V i U lloo.»(B(»,^)) + ^( a: ) 4+a [ V ^ U ]o,aiB(»,^) 

< C (^(^) 4 |l^llco(i3(x,^l)) + ^ x Y +a [ Pu \Q, a :B( x ^) + ^y^MlmBix,^!))) 

We can multiply this inequality by <f(x) where ip — 4> r p s to obtain the following 
weighted estimate on fi: 

(A.l) HU« <C(\\Pu\\ c o, a +\\u\\ L * J. 

This estimate is similar to that in [4j Appendix B]. Note that we impose slightly 
different conditions on the lower order coefficients here, and that we use a different 
convention for the weighted L 2 norms. As for higher regularity, we obtain similarly 
that 

(A.2) |MU+4,a < C(||Pu|| c *,« +HU ) 

where the constant C depends on the domain, the weight, and bounds for ||&/9|| c *v 



Appendix B. Proof of Proposition 14.6 



Here we sketch the proof of Proposition 14.61 which is similar to that of [T3J 
Proposition 6] and [2, Proposition 3.6]. 

Recall that [— ~, ~] x §" _1 = Ct C St- In the proof below, Holder norms on 
Ct or Q := [—1, 1] x § n_1 C Ct are indicated with an additional subscript. 
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Proof. We recall that on E t \C t ,A/'t(*t) =0, and that on [-f + 1, § - 1] x S™" 1 , 
$t(«, (?) = 2R : ° L ^e~~ cosh ( ^"~ 2 ^ ) . Let 7 = ds 2 + <?§«-i be the standard 
cylindrical metric. Then >f T solves the equation (— A 7 + c 7l i2(7))(\E r r) = on 
[-§ + 1, f - 1] x S™" 1 . Therefore, by flU) and Lemma[01 we have 



(B.l) 



l|A 7x / - Ajf\\k-2, a ,c T < e cosh2s||/|| fc , Q;C7r 
\\R(jr) - R(l)h-2, a ,c T < e- T cosh2s. 



On Q [-1, 1] x S"" 1 , dHUJ implies ||A/T(*r)IU-2,a,Q < e"" ^t^. This completes 
the estimate on Q. 

We now consider C T \ Q = ([-f , -1] x S"" 1 ) U ([1, f] x S"" 1 ). The estimates 
on the two components are similar. We will do one of them. 

Recall that on [1, f] x S"" 1 we have that lT = ^ i/{n ' 2) j 2 and * T (s,0) = 
Xi,T(s)V'(^ e_s + X2,T(s)ip{Re s ~'i ). Moreover, A/'r(^ , 2) = in this region, so 
that 



ATt^t) = (-A 7T + c„i?(7 T ))(xi,T*i) - c n (i n ^^- 2 + c n a n ^. 



• --2 
i -2 



n+2 n+2 

We write the last two terms using ^^T 2 — ^2 2 = 



Since also |p = e s (™ 2 ' and 2 = (^ eS 2 )" 2 m this region, we obtain that 



^((i+xi,T^r 2 -i 



(B.2) 



< *o"- 2 ~ < e" 



V&9 



2-6 (n + 2)T 

2 e 4 



On [1, f - 1] x S"- 1 , (|R2l) shows 



vp- 2 - * 2 - 



< 



for n > 6 
for n < 6 



while on [f - 1, f ] X S™" 1 , (|B~2|) gives that 



< 



H-2 
) -2 



1+2 
i-2 I 



The required Holder bounds of || , J / <pr 2 — ^2 2 \\k-2,a,C T follow analogously. 

It remains to estimate ||(— A 7T + c„J?(7r))(xi,T^ r i)||fc-2,a,c T - We first estimate 
on [1, — 1] x S"" 1 , where xi.t — 1- Using this along with (|B.1[) and the fact that 
^1 is in the kernel of the conformal Laplacian on the cylinder, we obtain 

(-A 7T +c nJ R( 7 r))(xi,T*i) 

(-A 7T + CnRfaMVi) - (-A 7 + c„i?( 7 ))(* 1 ) 
< e- T cosh(2s)||*i|| C 2 (CT) 
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For s g [| - 1, -j], using that *i = (Re s ) " ^ e ( * , we have 
(-A 7T +c n i?( 7T ))(xi,T*i) 

< e- T cosh(2s)||* 1 || C 2 (CT) + (-A^ + cJ2(7))(xi,t*i) 



(n-2)T 

5, e 2 



This proves the desired C° bound in (|4.3p and (|4.4[) . The estimate of the derivatives 
and the Holder bound follow from similar reasoning. □ 
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